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What is centrality?
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Degree centrality
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Degree (undirected)

q The degree ki of node i in an undirected
networks is 

the # of links i has to other nodes, or
the # of nodes i is linked to

k1 = 1 k2 = 3

k3 = 2

The average degree is 

<k> = ∑ ki / N = (1+3+2+2)/4 
= 2
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k4 = 2



Degree (directed)

q For directed networks we distinguish 
between 

in-degree ki
in = # of entering links

out-degree ki
out= # of exiting links

k2
in = 2

k2
out = 3
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The average degree is 
<k> = ∑ ki

out / N = (1+3+2+0)/4 
= ∑ ki

in / N   = (1+2+1+2)/4 
= 3/2 



Meaning

q A social-capital measure of cohesion
q In-degree = importance as an Authority 
q Out-degree = importance as a Hub
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In www:

q Authorities (quality as a content provider) 
nodes that contain useful information, or having 
a high number of edges pointing to them 
(e.g., course homepages)

q Hubs (quality as an expert)
trustworthy nodes, or nodes that link to 
many authorities (e.g., course bulletin)



Adjacency matrix & degree

q The in (out) degree can be obtained by 
summing the adjacency matrix over 
rows (columns)

A =
0 1 0 0
1 0 1 0
0 1 0 0
0 1 1 0

k2
out= 3

k2
in= 2

no self-loops in this case!!!

7

k2
in = 2

k2
out = 3

q It works also with (positive) weights! J



Average degree

The # of nodes is N

The # of edges is L

The average degree is 
ØUndirected <k> = 2L/N
ØDirected <k> = L/N
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0 1 0 0 0 0 0 0

1 0 1 1 0 0 1 0

0 1 0 1 1 0 1 0

0 1 1 0 1 0 0 0

0 0 1 1 0 1 0 0

0 0 0 0 1 0 1 1

0 1 1 0 0 1 0 1

0 0 0 0 0 1 1 0

0 1 0 0 0 0 0 0

1 0 1 1 0 0 1 0

0 1 0 1 1 0 1 0

0 1 1 0 1 0 0 0

0 0 1 1 0 1 0 0

0 0 0 0 1 0 1 1

0 1 1 0 0 1 0 1

0 0 0 0 0 1 1 0

Different measures for L !!!

Undirected

Directed



Real networks are sparse
q The maximum (average) degree is N-1

q In real networks <k>≪ N-1
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Illustrate degree centrality
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Graphical representations
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Degree distribution pk

ü a probability distribution where pk is the fraction of 
nodes that have degree exactly equal to k 

ü pk = # of nodes with degree k, divided by N 
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3
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Log-log plot

q In real world (large) networks, 
degree distribution is typically
heavy-tailed

nodes with high 
degree = hubs
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1 node every 1000 
has degree 27

27 k

1 node every 5 has degree 2

2

0.2

0.5

half of the nodes have degree 1



Scale-free networks
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plateau
@ high 
degrees

saturation
@ low 

degrees

The power-law
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The degree distribution follows a power-law if
pk = C k -ɣ à ln(pk) = c - ɣ⋅ln(k)

ɣ is the slope of the 
approx. linear behaviour



Scale-free networks
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A network 
with a scale 

A scale-free 

network

Ø Power-law network
Ø Has big hubs
Ø Needs a log-log plot

Ø Randomly wired network
Ø Has smaller hubs
Ø Needs a linear plot



The scale-free regime
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Ultra small world 
large hubs
⟨d⟩ = lnlnN

Small world 
Hubs not 

significantly large
⟨d⟩ = lnN

A.L. Barabási, Network science, http://barabasi.com/networksciencebook
ɣ

is the slope

e.g. in www N=7⋅109, ln(N)=22.7, ln(ln(N))=3.12 (very small)

http://barabasi.com/networksciencebook


Why a power law?
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#1. Preferential attachment
q (new) nodes tend to link to the more connected

nodes (e.g., think of www)

q This idea has a long history
1923

1925

1931

1941

1955

1968

1976 1999

Matthew effect: “rich gets 
richer”, i.e., high connectivity 
quantifies attractiveness 



Explaining preferential attachment
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q Citation network 
researchers decide what papers to read and cite by 
“copying” references from papers they have read à
papers with more citations are more likely to be cited

q Social network
the more acquaintances an individual has, the higher 
the chancer of getting new friends, i.e., we “copy” the 
friends of friends à difficult to get friends if you have 
none

This is called the copying model



Why a power law?
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#2. Attractiveness
q There is an innate ability of a node to attract

links (just a quality assessment of the individual)
q Otherwise oldest nodes would have an inherent 

advantage and cannot be defeated (first mover’s 
advantage), which is in contrast with intuition 
and evidence

e.g., Altavista [1990] à Google [2000] à Facebook [2011] à Instagram [202?]



Measuring attractiveness
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Attractiveness of www

Attractiveness 
distribution 

function 
(probability)

Attractiveness

The more 
attractive one 

node, the 
fastest its 

growth

No attractiveness 
here!!!



Bianconi-Barabási (mathematical) model
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The model:
q Growth – at time step N a new node is 

added with attractiveness !
q Attractiveness is a random number drawn 

from a given distribution "(!)
q Preferential attachment - probability of 

linking to node i is proportional to both the 
degree and attractiveness, i.e., pi = C ki!i



Today take-aways

q Degree, degree distribution, loglog plot
q Authorities and hubs 
q Power law, scale-free networks
q Slope, Ultra-small-world regime
q Preferential attachment, attractiveness
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